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Abstract
We present numerical simulations and experimental observations of
the spectral expansion of fs-pulses compressing in optical fibers. Using the
input pulse frequency chirp we are able to scan through the pulse com-
pression spectra and observe in detail the emergence of negative-frequency
resonant radiation (NRR), a recently discovered pulse instability coupling
to negative frequencies [26]. We observe how the compressing pulse is ex-
citing NRR as long as it overlaps spectrally with the resonant frequency.
Furthermore, we observe that optimal pulse compression can be achieved
at an optimal input chirp and for an optimal fiber length. The results
are important for Kerr-effect pulse compressors, to generate novel light
sources, as well as for the observation of quantum vacuum radiation.
1 Introduction
Negative resonant radiation (NRR) is a recently discovered dispersive wave gen-
eration process in nonlinear optical media [26]. It tranfers energy from a soliton
to a dispersive wave under a phase matched process that couples positive soliton
frequencies to negative frequencies [25]. It is a negative-frequency extension to
the well known resonant radiation (RR), that couples positive frequencies only
[2, 35] and is an important part of supercontinuum generation [3, 10, 1, 27]. RR
is also important in various possible applications including photobiology [31],
astrocomb generation [6], and the production of squeezed states [30].
NRR is particularly interesting as it demonstrates the necessity to include
negative frequencies into the desciption of a field in nonlinear optics. Whilst
negative frequencies are present in all electromagnetic fields they are typically
ignored as they contain the same information as their corresponding positive
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frequencies. This can be seen by expressing a field A by Fourier transform:
A (z, t) =
1
2pi
∞ˆ
−∞
A˜ (z, ω) e−iωtdω (1)
Here A˜ (z, ω) has been integrated over both positive and negative frequencies.
For a real field A˜ (z,−ω) = A˜∗ (z, ω), i.e. the negative frequency part is deter-
mined by the positive frequency part. However, the interaction of postive and
negative frequency components of a field can lead to qualitatively new phenom-
ena such as NRR.
The mixing of positive and negative frequencies is a familiar concept in
quantum field theory [18]. For example, it is behind the generation of Hawking
radiation [14, 15]. Laboratory analogues of Hawking radiation [34] have been
of great interest in recent decades and several different implementations have
been suggested to study the effect using e.g. water waves [36], BECs [4], optical
materials [21, 12], or superconducting circuits [19]. Interestingly, one analogue
system also uses solitons in fibers. In this system the analogue Hawking effect is
produced by scattering of the quantum vacuum at the optical event horizon[21].
NRR can also be described as the scattering of light at the horizon, however,
here bright light from the pulse is scattered [8]. Although more light needs
to be shed on the relation between these two effects, it is interesting to notice
that they are occuring under similar experimental conditions: NRR is observed
for extreme nonlinear pulse compression [25, 2] whilst the analogue Hawking
radiation is expected to occur for extremely steep pulse fronts [21].
In order to measure how the NRR radiation is emerging from a compressing
pulse, experimental control of the pulse compression is required. Various tools
have been used to control pulse evolution and compression in a fiber inlcuding
the tuning of the pulse wavelength, pulse length, pulse power, and changes in the
fiber core size and in the fiber dispersion [5, 24, 32, 33]. A variation of the pulse
power effectively changes where in the fiber the pulse compresses, however, this
method has a limited range determined by the onset of NRR and the maximum
power available. In addition, the degree of spectral expansion and generation
efficiency of the NRR are significantly affected in a nontrivial way. Having said
that, the frequency chirp of the input pulse can lead to a delay of nonlinear pulse
evolution. The dependence on chirp of various aspects of pulse evolution have
been considered previously including the effect on supercontinuum generation [7,
13, 37, 38] and spectral broadening [29, 28]. In the latter two papers the influence
of chirp on spectral broadening was investigated numerically and experimentally
for (50fs) pulses. The results show an increased spectral broadening at the end
of a (10cm) piece of fiber when the input pulse chirp is positive and balanced
by the total negative dispersion over the fiber length. This occurs because the
input chirp must be compensated, delaying pulse compression. In this paper
we present to the best of our knowledge the first detailed investigation of chirp
looking beyond the idea of delayed pulse compression. We look at a regime of
shorter pulses (< 20fs) and shorter fibers (< 0.1m) and find interesting effects
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such as the increased degree of pulse compression for a small positive chirp
compared to zero chirp. As in the papers mentioned above we see delayed pulse
compression and use this as a convenient tool to observe the evolution of both
the pulse and the NRR under near constant spectral expansion.
In this paper, firstly, we present simulations of the pulse evolution and com-
pression. We investigate how the pulse chirp affects the pulse compression.
Secondly, we present measurements of the pulse spectra and NRR spectra for
variable pulse chirps. We give a detailed discussion of the observations and
implications from our simulations. As a result, we observe that the pulse com-
pression has a weak dependence on chirp, however, the chirp is able to delay or
advance the pulse compression in the fiber in accordance with the expectation
from dispersion cancellation. NRR is generated at the point in the fiber where
the pulse starts to compress and generation ceases after compression is over and
the pulse expands again. The amount of NRR detected at the end of the fiber is
also affected by waveguide loss. Our observations are in qualitative agreement
with the analytical description of NRR evolution in fibers [2, 25].
2 Resonant radiation
NRR and RR form as energy is transferred from a pulse, similar to a soliton,
propagating in the anomalous dispersion region of an optical fiber to light in
the normal dispersion region. Light propagation in the fiber is governed by the
generalized non-linear Schro¨dinger equation (GNLSE)[1]. Neglecting absorption
and higher order terms, except dispersion, the propagation equation becomes:
∂A
∂z
− iD
(
i
∂
∂T
)
A = iγ |A|2A, (2)
where A(z, T ) is the pulse envelope, γ is the non-linear parameter of the fiber,
and F.T.[D
(
i ∂∂T
)
] = D˜(ω) =
∑
n≥2
βn
n! ω
n represents the second and higher
order-group velocity dispersion. T = t−z/vg is the retarded time in a reference
frame moving with the group velocity vg of the pulse.
An important parameter characterising soliton amplitudes is the soliton or-
der N , given by N2 = γP0T
2
0 / |β2| where P0 and T0 are the soliton peak power
and length, respectively. This parameter can also be used for soliton-like pulses
in our experiments. For higher (N > 1) order solitons the instabilities caused by
higher order effects lead to fission into N fundamental (N = 1) solitons [16, 17].
The higher order dispersion is perturbing each of the produced solitons, which
consequently will radiate dispersive RR and NRR. The radiation generated at
different times as the pulse propagates along the fiber interferes constructively
if the following momentum conserving phase matching condition is satisfied[9]:
∑
n≥2
βn
n!
(ω − ωP)n = (2N − 1)
2
γP0
2N2
, (3)
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Figure 1: Co-moving frame dispersion relation for positive (dashed line) and
negative (dotted line) laboratory wavelengths. The soliton (1), RR (○) and
NRR (`) are indicated. Fiber NL-1.5-590, NKT Photonics Inc.
where ω and ωP are the phase matched radiation (RR or NRR) and pulse
frequencies, respectively. In order to graphically find the phase matched fre-
quencies we express Eq. 3 as a frequency conservation in the co-moving frame
[26, 21]:
ω′P = ω
′
NRR (4)
where ω′ is the (Galilean) co-moving frame frequency of the pulse and NRR,
respectively, given by ω′ = ω − vg(β(ω) + βnl). β is related to the refractive
index by β = n(ω)ωc and βnl is the nonlinear contribution to the propagation
constant due to the soliton pulse. Figure 1 shows the dispersion relation of our
fiber in the co-moving frame (βnl = 0). Figure 2a shows a closer view of the top
part of the dispersion relation around the soliton co-moving frame frequency ω′s.
Figure 2b shows the lower part of the dispersion relation plotted around −ω′s.
There are two branches to the relation seen in each of the three plots, one with
positive and one with negative laboratory frequency (wavelength). Marked with
a symbol in Fig. 2a are the soliton, the resonant radiation wavelength (RR),
and a third solution, the negative resonant radiation (NRR) on the respective
other branch. In Fig. 2b the complex conjugate fields are displayed. This shows
that the soliton can excite two other waves, each of which is a real-numbered
field, one with a positive and one with a negative frequency (wavelength).
3 Numerical simulations
In order to understand the pulse evolution, i.e. the pulse compression and
spectral expansion, under the influence of pulse chirp we numerically simulated
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(a) Positive ω′ (b) Negative ω′
Figure 2: Co-moving frame dispersion relation for positive (dashed line) and
negative (dotted line) laboratory wavelengths as in Fig. 1. Zoomed view around
(a) ω′s and (b) −ω′s. The soliton (1), RR (○) and NRR (`) are indicated.
the pulse amplitude propagation using a split step Fourier simulation tool [20].
We used a 12 fs (FWHM) hyperbolic secant pulse centered at 800 nm wave-
length with the amplitude of an N = 2.25 soliton similar to the experiment.
The frequency chirp of the initial pulse was varied and the evolutions of the
pulse spectrum and the peak power were recorded. Because we chose a highly
nonlinear fiber, the pulse compresses over a few mm. Hence effects taking place
over longer propagation distances such as stimulated Raman scattering are not
considered in detail. We simulated the propagation of pulses through a fiber
with the dispersion profile shown in Figs. 1 and 2.
Pulse compression in an optical fiber occurs due to the interplay between self-
phase modulation (SPM) and group velocity dispersion (GVD). SPM broadens
the pulse spectrum and generates a positive chirp, i.e. long wavelengths lead
and short wavelengths trail. Anomalous GVD slows the long wavelengths and
speeds up short wavelengths, resulting in pulse compression 1. Adding, via
pulse dispersion, a frequency chirp to the input pulse has two key effects on the
pulse compression. Firstly, the distance at which the pulse compresses to its
shortest length is modified. If the initial chirp is positive, then the anomalous
fiber GVD acts to reduce the chirp and increase the pulse peak power before
the nonlinear dynamics fully compresses the pulse. Hence positive input chirp
delays compression further along the fiber. Secondly, the amount by which the
pulse compresses can be either enhanced or reduced.
We started our simulations to verify this qualitative behaviour. In Fig. 3
a series of spectral evolutions is displayed for different input chirps (in units of
fs2). For comparison, the fibers we use in experiments have dispersions between
20 fs2/mm and 40 fs2/mm. If no chirp is applied, the initial pulse spectrum
centered in the near infrared can be seen to expand over three octaves within
the first 2 mm of propagation. The spectrum then contracts again at 2.5 mm as
the pulse continues to propagate. This corresponds to the temporal evolution of
1Compression only occurs across the central region of the pulse where both the SPM and
GVD induced chirps are approximately linear.
5
Figure 3: Pulse spectral evolution during propagation for different input pulse
chirps. The horizontal line indicates the maximum spectral broadening.
the pulse given in Fig. 4. If a positive input chirp is applied, Fig. 3 shows that
the distance at which the pulse compresses and the spectrum expands increases
accordingly. In addition, the extent of spectral broadening reduces.
In the time domain, as shown in Fig. 4, the peak power first increases to
a maximum at the maximal spectral expansion and then reduces again as the
pulse broadens in time. The dependence of this maximum peak power on input
chirp is displayed in Fig. 5 for a set of input pulse parameters. The solid line
in each of the sub-figures represents a 12 fs, N = 2.25 input pulse. Clearly, the
peak power increases with amplitude N and reduces with pulse duration. Also,
the maximum peak power decreases eventually for large chirp for all amplitudes
and pulse durations shown. For all traces in Fig. 5 there is a finite optimal
input chirp that leads to maximum pulse compression. The enhancement seems
to be best for the 12 fs pulse duration. Fig. 6 shows how this non-zero chirp
depends on pulse amplitude. For all amplitudes, there is a positive chirp leading
to an improvement of the pulse compression, which is particularly pronounced
for smaller pulse amplitudes. For the N = 2.25 pulse we also increased the pulse
6
Figure 4: Evolution of the pulse temporal envelope as the pulse propagates from
0 mm to 2.5 mm along the fiber. The pulse has zero initial chirp.
length and found the optimum chirp to slightly decrease from 80 fs2 to a steady
value of around 60 fs2. The improvement in the maximum peak power rose to a
maximum of 18 % for a 50 fs pulse (results not shown). For our fiber a chirp of
375 fs2 would change the distance of compression from close to zero to the end
of our longest fibers of 14 mm length. According to Fig. 5, over the same range
the maximum peak power increases first by 9% and then falls to 36% below the
unchiped compression. This means that as the compression is delayed along
the fiber, there is only a small variation in compression efficiency. Effectively,
the pulse compression can be observed in its different stages at the fiber end
by small variations of the pulse chirp around an offset chirp compensating the
fiber dispersion. If instead the pulse power were used to move the compression
point from the start to the end of the fiber, the variation in power required
be considerably larger for similar pulse parameters. For example, for an input
chirp of 240fs2 and a 12 fs pulse, the input power would have to vary by a factor
of 25.
In addition to investigating the effects of input chirp, pulse power, and pulse
length on pulse compression we turn on and off higher order effects such as self
steepening and the Raman effect. We find that the self-steepening has a negli-
gible effect on the compression distance and slightly reduces both, the spectral
expansion and the maximum peak power. The Raman effect increases slightly
the propagation distance before the compression point but has a negligible effect
on the spectral expansion or the maximum peak power.
Summarizing, the simulations show that, for a wide range of input pulse
parameters, chirp can be used to move the pulse compression along the fiber.
7
Figure 5: Maximum peak power during pulse compression as a function of input
chirp. Results are for different input pulse soliton orders (a: N = 5 dotted;
N = 2.25 solid; N = 1 dashed) and pulse lengths (b: 6 fs dashed; 12 fs solid;
52 fs dotted).
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Figure 6: Optimum chirp for pulse compression as a function of soliton order
N; maximum peak power enhancement using the optimum chirp compared to
zero chirp.
The accompanying changes in the degree of pulse compression must be taken
into account but are small enough to allow for a qualitative investigation of the
pulse and NRR evolution. The origin of these changes is not fully understood
and is to be investigated elsewhere. Furthermore, a small positive input chirp
leads to maximal pulse compression.
4 Experiment
We investigate two principal aspects of the pulse and NRR evolution. The first
is the pulse spectral expansion. In order to excite the NRR in the UV (Fig.
2), the driving input pulse in the IR must broaden its spectrum extensively
to reach the NRR wavelength. The spectral broadening is a transient effect
during the pulse compression. Therefore, in order to measure the extent of the
broadening into the UV we use the input chirp to move each stage of the pulse
compression, respectively, to the fiber end. The second aspect is the evolution
of the NRR itself, which is generated when the pulse compresses. By moving the
compression point again we can change the distance propagated by the NRR
between its first generation and the fiber end and observe its evolution. In
addition we see how the variation in compression efficiency with chirp affects
the generation of NRR.
Figure 7 shows the experimental setup. We use 800 nm-pulses from a mode-
locked Ti:Sapphire laser (FemtoSource Rainbow). A short pass filter at 695 nm
cleans up the spectrum, resulting in a pulse length (FWHM) of 12 fs for the
unchirped pulse and a bandwidth of over 200 nm. The pulses are coupled
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Figure 7: Experimental setup: BK7 glass plates and wedges were used to control
the input pulse chirp.
into a photonic crystal fiber (PCF) (Blaze Photonics NL-1.5-590) with a zero-
dispersion wavelength at about 685 nm. The laser output is linearly polarized
and all PCFs are rotated so as to excite only one polarization axis. The laser
wavelength is situated in the anomalous dispersion region of the PCF which
allows for the formation of solitons. A dispersion optimised coupling into the
PCF is achieved using off-axis parabolic mirrors. UV spectra are recorded us-
ing a monochromator with a photomultiplier tube. Dispersion is managed up to
second order by glass elements in the beam and a pair of doubly chirped mirrors
(DCMs).
The dispersive pulse chirp C leads to an increase in the pulse length and
a variation in the instantaneous frequency across the pulse. It is quantified
by C =
∑
i β2izi + GDDDCM, where β2i and zi are the GVD and beam path
distances for each dispersive optical element before the fiber and GDDDCM is
the negative group delay dispersion (GDD) introduced by the DCMs.
We use different section lengths of PCF from 1 mm to 14 mm. For the 1 mm
and 2 mm lengths the laser power is 100 mW, for the other lengths it is 80 mW.
The coupling efficiency into the PCF is around 25 %, varying between fiber
samples.
5 Spectral expansion
The contour plots in Fig. 8 show the UV spectra as a function of the input
chirp for four fiber lengths. For each length of fiber there is a particular input
chirp (indicated by a black line) for which the spectrum becomes maximally
broad. For longer fibers this broadening is observed for higher input chirps. It
is a transient effect that disappears at other chirps, demonstrating the transient
spectral expansion as the pulse compresses. Interestingly this shows that the
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Figure 8: Contour plots of spectra as the input pulse chirp is varied, for different
fiber lengths. The horizontal line indicates the largest spectral broadening due
to pulse compression.
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PCF Linear Full UV Expt. NRR Expt.
length simulation (Fig. 8) (Fig. 9)
2mm 54± 13 fs2 96± 22 fs2 117 fs2 90 fs2
6mm 161± 13 fs2 234± 30 fs2 214 fs2 154 fs2
10mm 269± 13 fs2 376± 44 fs2 374 fs2 374 fs2
14mm 377± 13 fs2 518± 58 fs2 474 fs2 474 fs2
Table 1: Comparison of input pulse chirps leading to pulse compression at the
end of the fiber as deduced from: linear optics chirp compensation Lβ2; numer-
ically simulated pulse compression; observed UV spectral broadening; observed
generation of NRR.
pulse broadens its spectrum from the IR to the UV by self-compression. Tab.
1 compares input pulse chirps that lead to observable pulse compression at the
fiber end, based on different mechanisms: ’Linear’ indicates the chirp that would
compensate the linear dispersion of the full length of fiber. In order to facilitate
comparison with experimental results the errors indicate a range of values for
slightly longer or shorter fibers reflecting the experimental uncertainty in the
fiber length. The principal nonlinear effect in fibers is SPM, which broadens the
spectrum, leading to a faster compression in anomalous dispersion. Thus our
numerical simulations of the nonlinear behaviour result in larger input chirps
for compression at the fiber end. As previously mentioned the simulations were
run using different input powers. Increasing the power enhances the effect of
SPM and results in an even larger input chirp for compression at the fiber end.
The error values for the simulation results in table 1 indicate how the chirp
value varies for a small range of input pulse powers. This allows comparison
between simulation and experiment by taking into account the uncertainty in
the exact experimental coupling efficiency into each piece of fiber. Next, we
compare this chirp to the one used to observe the broadband expansion into the
UV. Simulation and experimental results agree well within the errors.
In all of the contour plots of Fig. 8 there are strong signals around 260 nm
and 300 − 340 nm, independent of input chirp. These are due to third har-
monic generation, phase matched between the fundamental and higher order
modes[11].
6 Pulse compression and generation of NRR
In the previous section we have found that a compressing incoming pulse un-
dergoes spectral expansion which reaches far into the UV. In particular, it is
reaching the wavelength of negative resonant radiation (NRR), thus allowing an
excitation of NRR. Figure 9 shows contour plots of UV spectra around the NRR
wavelength of 226 nm, as the input pulse chirp is varied, for four fiber lengths.
For all fiber lengths the NRR peak is small for negative and small positive
chirps, where the pulse compresses efficiently at the start of fiber propagation.
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Figure 9: Contour plots showing the NRR as the input chirp is varied, the peak
at approximately 226 nm is the NRR.
Then it grows to a maximum for a particular chirp, before decreasing. Unsur-
prisingly, no NRR is generated beyond a chirp leading to pulse compression at
the very end of the fiber. The chirp at which the NRR peak reaches its max-
imum is indicated by a black line in Fig. 9 and its numerical value is listed
in Tab. 1. For the two longer fibers, maximum NRR occurs approximately
for compression at the end of the fiber instead of at the much smaller chirp
of maximum compression (see Fig. 6). In the case of the two shorter fibers
the maximum NRR is observed for a chirp for compression just before the end
of the fiber. This can be explained by Fig. 10, which displays the observed
NRR signal strength at different fiber lengths for a range of input pulse chirps.
Depending on chirp, the pulses compress in the fiber at various distances. It
is only during the compression that significant amounts of NRR are generated,
after which the UV radiation in the fiber quickly decays. From these data we
estimate a UV loss coefficient at 226 nm of 1.5 − 2.5 dB/mm. It is also visible
in the figure that NRR production further along the fiber is less efficient, with
the optimal fiber length close to 6 mm. This again is a result of the less efficient
spectral expansion, cf. Fig. 3.
In conclusion we see that it is possible to use the input pulse chirp as a tool
to investigate pulse propagation along a fiber. In particular, we observe pulse
compression and the evolution of NRR. By delaying the pulse compression to the
end of the fiber we observe spectral broadening into the UV which is required
to excite the NRR. Significant NRR is observed only if the pulse compresses
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Figure 10: NRR production along the fiber under various input chirps. NRR is
most efficiently produced around 6 mm and decays rapidly along the fiber.
near the fiber end because of fiber loss in the UV. In both the simulations and
the experiments the degree of pulse compression decreases as the input chirp
becomes large and positive. Thus we measure the strongest NRR output for
a short fiber, at a chirp that simultaneously optimizes pulse compression and
delays the compression towards the fiber end.
The simulations indicate that the deterioration in the pulse compression
with increasing chirp is a persistent feature for a variety of input pulse powers
and pulse lengths. Therefore choosing an appropriate combination of short
fiber and input chirp is crucial in any experiment to generate light in the UV.
This is important for a variety of fs-pulsed experiments such as the creation of
supercontinua, the generation of resonant radiation at short wavelength, or the
observation of quantum vacuum radiation from artificial optical event horizons
[22, 33, 23].
Other radiation processes based on ultrashort pulse compression can be in-
vestigated using the same method, such as the generation of resonant radiation
(RR).
We would like to acknowledge useful discussions with F. Biancalana, R.
Paschotta, and S. Kehr.
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